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Recent research shows that fermions tunnelling can result in correct Hawking temperature of a black
hole. In this letter, choosing a set of appropriate matrices γ μ , we attempt to study Hawking radiation
of Dirac particles across the horizons of the GHS and non-extremal ﬁve-dimensional D1–D5 black holes
in string theory by using fermions tunnelling method. Finally, the expected Hawking temperatures of the
GHS and non-extremal D1–D5 black holes are correctly recovered.
© 2008 Elsevier B.V. All rights reserved.1. Introduction
In 1974, Hawking proved that a black hole can radiate particles
with thermal spectrum at the temperature T = κ/2π [1], where
κ is the surface gravity of the horizon. Since then, although many
methods have appeared to correctly derive Hawking radiation of
a black hole, not all of them are satisfying in the process of ex-
tending these methods. In 2000, Parikh and Wilczek, elaborating
Kraus and Wilczek’s work [2,3], presented another new deriva-
tion of Hawking radiation, where Hawking radiation is treated as
a quantum tunnelling process [4]. A pair of particles is sponta-
neously created just inside the horizon as a result of quantum
vacuum ﬂuctuations near the horizon, classically the positive en-
ergy particle do not escape out along the classically forbidden
region, but quantum mechanically it can tunnel out to the inﬁn-
ity. For the tunnelling picture, the Hawking temperature is directly
related to the imaginary part of the action of particles tunnelling
from inside to outside horizon along the classically forbidden re-
gion. In [4], derivation of the imaginary part of the action mainly
depends on the integration of the radial momentum pr for the
emitted particles, which is normally called as the Null Geodesic
method. The other method, appeared in [5], regards the action of
the emitted particles across the classically forbidden region satis-
ﬁes the relativistic Hamilton–Jacobi equation, and solving it yields
the imaginary part of the action, which is an extension of the
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now, the tunnelling method has been already proved very robust
for scalar particles across black hole horizons, and successfully re-
covered the correct Hawking temperatures of a wide variety of
interesting and exotic spacetimes [8–19].
Recently, Kerner and Mann, modelling Hawking radiation as
fermions tunnelling, have successfully recovered the Unruh and
Hawking temperatures for the Rindler spacetime and general non-
rotating black hole [20]. In the model, choosing a set of appro-
priate matrices γ μ is an important technique, or we may not
correctly recover the Hawking temperature we expected. And near
the horizon, the imaginary part of the action is determined by
the covariant Dirac equation. To further show the robustness of
fermions tunnelling method, many recent papers appear to discuss
Hawking radiation of Dirac particles via tunnelling from (2 + 1)-
dimensional BTZ black hole [21], dynamical horizons [22], Kerr and
Kerr–Newman black holes [23,24], charged dilatonic black holes
[25] and rotating black holes in de Sitter spaces [26]. However
these involved black holes share in taking 3- or 4-dimensional
spacetimes. In this letter, by considering the Garﬁnkle–Horowitz–
Strominger (GHS) [27] and charged non-extremal 5-dimensional
D1–D5 black holes [28] in string theory, we once again conﬁrm
fermions tunnelling method. It is expected that our result strength-
ens the validity and power of the method.
The letter is outlined as follows. In Section 2, we begin with our
studies by applying fermions tunnelling method to study Hawking
radiation of Dirac particles across the GHS black hole. Section 3
is focus on fermions tunnelling from the charged non-extremal
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conclusions and discussions.
2. Fermions tunnelling from GHS black hole
In this section, we are devoted to study Hawking radiation of
Dirac particles across the horizon of the GHS black hole in string
theory by using fermions tunnelling method. The GHS black hole
is a member of a family of solutions to low energy string theory
described by the action
S =
∫
d4x
√−ge−2φ[−R − 4(∇φ)2 + F 2], (1)
where φ is the dilaton ﬁeld and Fμν is the maxwell ﬁeld associ-
ated with a U (1) subgroup of E8 × E8 or Spin(32)/Z2. The GHS
black hole in the string frame is then given by
ds2string = − f (r)dt2 +
1
h(r)
dr2 + r2 dΩ, (2)
where
f (r) =
(
1− 2Me
φ0
r
)(
1− Q
2e3φ0
Mr
)−1
,
h(r) =
(
1− 2Me
φ0
r
)(
1− Q
2e3φ0
Mr
)
.
Here φ0 is the asymptotic constant value of the dilaton ﬁeld. For
Q 2 < 2e−2φ0M2, the metric (2) describes a black hole with an
event horizon located at rh = 2Meφ0 .
Now we focus on studying fermions tunnelling from the GHS
black hole. The motion equation of Dirac ﬁelds Ψ in the curved
spacetimes satisﬁes the following covariant Dirac equation as
iγ μDμΨ + m
h¯
Ψ = 0, (3)
where Dμ = ∂μ + i2Γ αβμ Σαβ is the spin covariant derivative,
Σαβ = i4π [γ α,γ β ] and m is the mass of the emitted particles. The
matrices γ μ is determined by {γ μ,γ ν} = 2gμν × I , where I is the
identity matrix. In our case, we choose the matrices γ μ for the
GHS spacetime taking the form as
γ t = 1√
f (r)
(
0 I
−I 0
)
, γ r =√h(r)
(
0 σ 3
σ 3 0
)
,
γ θ = 1
r
(
0 σ 1
σ 1 0
)
, γ ϕ = 1
r sin θ
(
0 σ 2
σ 2 0
)
, (4)
and the σ i (i = 1,2,3) are the Pauli matrices, which are respec-
tively described by
σ 1 =
(
0 1
1 0
)
, σ 2 =
(
0 −i
i 0
)
, σ 3 =
(
1 0
0 −1
)
. (5)
Dirac ﬁelds with the spin 1/2 have two spin states, that is the
spin up and spin down states. When measuring the spin states
along the r direction, the spin up state takes the same direction
as r, but the spin down case has the opposite direction. In this
letter, we only consider Dirac particles with the spin up without
loss of generality, because after a manner fully analogous to the
spin up case the same result will be present for Dirac particles
with the spin down. Now we employ the following ansatz for Dirac
particles with the spin up
Ψ↑(t, r, θ,ϕ) =
(
A(t, r, θ,ϕ)ξ↑
B(t, r, θ,ϕ)ξ↑
)
exp
[
i
h¯
I↑(t, r, θ,ϕ)
]
=
⎛
⎜⎝
A(t, r, θ,ϕ)
0
B(t, r, θ,ϕ)
⎞
⎟⎠exp
[
i
h¯
I↑(t, r, θ,ϕ)
]
, (6)0where ξ↑ =
( 1
0
)
is the eigenvector of the matrix σ 3, and the cor-
responding eigenvalue is 1, which describes Dirac particles with
the spin up. Applying the WKB approximation, and inserting the
ansatz (6) into the covariant Dirac equation (3), and then dividing
by the exponential term and multiplying by h¯, the resulting equa-
tions to leading order in h¯ take the forms as
B
(
1√
f (r)
∂t I↑ +
√
h(r) ∂r I↑
)
−mA = 0, (7)
B
(
1
r
∂θ I↑ + i
r sin θ
∂ϕ I↑
)
= 0, (8)
A
(
1√
f (r)
∂t I↑ −
√
h(r) ∂r I↑
)
+mB = 0, (9)
A
(
1
r
∂θ I↑ + i
r sin θ
∂ϕ I↑
)
= 0. (10)
Here the contributions of the derivatives A and B and the compo-
nents Γ αβμ Σαβ have already been neglected to the lowest order in
WKB approximation due to the fact that they are all of order O(h¯).
To carry out the separation of variables for the above equations,
considering the symmetries of the GHS spacetime we employ the
ansatz
I↑ = −Et +J (θ,φ) +W(r), (11)
where E is the energy of the emitted Dirac particle. Near the hori-
zon, substituting the ansatz (11) into Eqs. (7), (8), (9) and (10)
yields
B
(
− E√
f,r(rh)(r − rh)
+√h,r(rh)(r − rh) ∂rW(r)
)
−mA = 0, (12)
B
(
1
r
∂θJ (θ,φ) + i
r sin θ
∂φJ (θ,φ)
)
= 0, (13)
A
(
− E√
f,r(rh)(r − rh)
−√h,r(rh)(r − rh) ∂rW(r)
)
+mB = 0, (14)
A
(
1
r
∂θJ (θ,φ) + i
r sin θ
∂φJ (θ,φ)
)
= 0, (15)
where f,r and h,r denote a derivative with respect to r. Careful
analysis on the above equations, we ﬁnd J must be a complex
function, which means it will yield a contribution to the imaginary
part of the action. However further studying shows that the con-
tribution of J is completely the same for both the outgoing and
ingoing solutions, and therefore its total contribution to the tun-
nelling rate is cancelled out when dividing the outgoing probability
by the ingoing probability. Then it is no need to solve the equa-
tions about the complex function J . Now our attention should be
focus on the radial function W . From Eqs. (12) and (14), there will
be a non-trivial solution for A and B if and only if the determinant
of the coeﬃcient matrix vanishes, which results
∂rW(r) = ±
√E2 + f,r(rh)(r − rh)m2√
f,r(rh)h,r(rh)(r − rh)
. (16)
Integrating the pole at the horizon of the GHS black hole as in
Refs. [16,17], we have
W± = ±iπ E√
f,r(rh)h,r(rh)
. (17)
In Eq. (17), the +/− sign corresponds to the outgoing/incoming so-
lutions. The WKB approximation tells us the tunnelling probability
is related to the imaginary part of the action as P = exp[− 2h¯ Im I],
where I is the action of particles across the black hole horizon. Set
h¯ to unity, and the overall tunnelling rate can be written as
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P in
= exp[−2(ImW+ + ImJ )]
exp[−2(ImW− + ImJ )]
= exp
[
− 4πE√
f,r(rh)h,r(rh)
]
, (18)
which results in Hawking temperature of the GHS black hole taking
T =
√
f,r(rh)h,r(rh)
4π
= 1
8πMeφ0
. (19)
The derivation of Hawking temperature of the GHS black hole
via fermions tunneling method takes the same form as that by
using anomalous cancelation method [29]. However, in Ref. [30],
the authors have derived an Hawking temperature different from
Eq. (19), but having the important property to vanish in the ex-
tremal limit. This mainly depends on where the observers live. In
our case, the Hawking temperature is measured by static observers
at inﬁnity. In Ref. [30] the Hawking temperature is measured by
preferred observers just outside the horizon. In the above dis-
cussion, we only consider Dirac ﬁelds with the spin up. For the
spin-down case, we can proceed in a manner fully analogous to
the spin up case to recover the same result. On the other hand,
the tunneling rate (18) is derived by having neglected the higher
terms about E , and therefore the resulting thermal spectrum is
purely thermal. In fact, the factual tunneling picture is that when
the positive energy particle created by just inside the horizon as
a result of quantum vacuum ﬂuctuations near the horizon tun-
nels out to the inﬁnity to form Hawking radiation, the negative
energy partner remains behind and effectively lowers the mass of
the black hole. That means when studying Hawking radiation of
a black hole, we should consider the ﬂuctuation of the spacetime
geometry—namely, the energy conservation. In such case, the emit-
ted spectrum is no longer purely thermal, and contains the higher
terms about E . In this letter, we still consider the ﬁxed spacetime
background. In the following section, to further check the validity
of fermions tunnelling method, we take the non-extremal ﬁve-
dimensional D1–D5 black hole in string theory as an example to
study Hawking radiation of Dirac particles via tunnelling from the
horizon.
3. Fermions tunnelling from non-extremal D1–D5 black hole
As another example of fermions tunnelling method, we con-
sider a non-extremal ﬁve-dimensional black hole, which is origi-
nated from a brane conﬁguration in Type IIB superstring compact-
iﬁed on S1 × T 4. In our case, the conﬁguration is composed of
D1-branes wrapping S1, D5-branes wrapping S1× T 4, and momen-
tum modes along S1. In this conﬁguration, the solution of Type IIB
supergravity is a supersymmetric background known as the ex-
tremal ﬁve-dimensional D1–D5 black hole. The extremal black hole
has zero Hawking temperature, and therefore no Hawking radi-
ation will be present at the inﬁnity. Hence to consider Hawking
radiation we should study the non-extremal D1–D5 black hole.
The ten-dimensional supergravity background corresponding to
the non-extremal D1–D5 black hole has the following form in the
string frame [28]
ds210 = f −1/21 f −1/25
(−hf −1n dt2 + fn(dx5 + (1− f˜ −1n )dt)2)
+ f 1/21 f −1/25
(
dx26 + · · · + dx29
)+ f 1/21 f 1/25 (h−1 dr2 + r2 dΩ23 ),
e−2φ = f −11 f5, C05 = f˜ −11 − 1,
Fijk = 12i jkl∂l f˜5, i, j,k, l = 1,2,3,4, (20)
where x5 and x6, . . . , x9 are periodic coordinate along S1 and T 4,
and F is the three-form ﬁeld strength of the RR two-form gaugepotential C , F = dC . In Eq. (20), various functions can be given by
coordinates x1, . . . , x4 as
h = 1− r
2
0
r2
, f1,5,n = 1+
r21,5,n
r2
,
f˜ −11,n = 1−
r20 sinhα1,n coshα1,n
r2
f −11,n ,
r21,5,n = r20 sinh2 α1,5,n, r2 = x21 + · · · + x24,
where h and f1,5,n are harmonic functions, respectively, represent-
ing the non-extremality, and the presence of D1 and D5, and mo-
mentum modes. Following the procedure of [32,33] to carry on a
dimensional reduction of Eq. (20) along S1 × T 4, we can obtain the
Einstein metric of the non-extremal ﬁve-dimensional black hole
ds25 = −λ−2/3hdt2 + λ1/3
(
h−1 dr2 + r2 dΩ23
)
, (21)
where dΩ23 is the metric on the unit 3-sphere, and λ is deﬁned
by λ = f1 f5 fn . The event horizon of the black hole is located at
r = rh = r0. Upon a dimensional reduction, three kinds of gauge
ﬁelds will be present. One is the Kaluza–Klein gauge ﬁeld A(K )μ ,
which is originating from the metric. The second gauge ﬁeld A(1)μ
stems from Cμ5. The ﬁnal gauge ﬁeld is the two-form gauge ﬁeld
coming from Cμν whose ﬁeld strength is given by the expression
of F in Eq. (20). Though the two-form gauge ﬁeld gives a non-
zero contribution to the full black hole background, it will not
play any role in the following discussion, and so can be neglected.
From (20), the ﬁrst two gauge ﬁelds can be written as
AK = −( f˜ −1n − 1)dt, A(1) = ( f˜ −11 − 1)dt. (22)
Now, upon a dimensional reduction technique, the spacetime back-
ground we concerned is composed of the metric (21) accompa-
nying with the two gauge ﬁelds (22). Next, we focus on study
Hawking radiation of the non-extremal 5-dimensional D1–D5 black
hole by using fermions tunnelling method.
When Dirac ﬁelds coupling to gauge ﬁelds in a curved space-
time, its motion equation can be written as
iγ μ
(
Dμ + ie
h¯
Aμ
)
Ψ + m
h¯
Ψ = 0. (23)
Now to study Hawking radiation of Dirac particles, we should ﬁrst
introduce a set of appropriate matrices γ μ for the black hole, or
we cannot recover the correct Hawking temperature via fermions
tunnelling method. In our case, we choose the matrices γ μ for the
non-extremal 5-dimensional D1–D5 black hole taking the form as
γ t = λ1/3h−1/2
(
0 I
−I 0
)
,
γ r = λ−1/6h1/2
(
0 σ 3
σ 3 0
)
,
γ θ = λ−1/6r−1
(
0 σ 1
σ 1 0
)
,
γ ϕ = λ−1/6(r sin θ)−1
(
0 σ 2
σ 2 0
)
,
γ ψ = λ−1/6(r cos θ)−1
(−I 0
0 I
)
, (24)
where σ 1, σ 2 and σ 3 are the Pauli matrices, and are explicitly
given by Eq. (5). As in Section 2, we only consider Dirac parti-
cle with the spin up, and employ the ansatz (6) with the vari-
ables (t, r, θ,ϕ) substituted by (t, r, θ,ϕ,ψ). Inserting the ansatz
for Dirac particles with the spin up into the covariant Dirac equa-
tion (23), and dividing by the exponential term and multiplying
by h¯, the resulting equations to the leading order in h¯ are
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(
λ1/3h−1/2(∂t I↑ +At) + λ−1/6h1/2∂r I↑
)
− A(m + λ−1/6(r cos θ)−1∂ψ I↑)= 0, (25)
B
(
λ−1/6r−1∂θ I↑ + iλ−1/6(r sin θ)−1∂ϕ I↑
)= 0, (26)
A
(
λ1/3h−1/2(∂t I↑ +At) − λ−1/6h1/2∂r I↑
)
+ B(m − λ−1/6(r cos θ)−1∂ψ I↑)= 0, (27)
A
(
λ−1/6r−1∂θ I↑ + iλ−1/6(r sin θ)−1∂ϕ I↑
)= 0, (28)
where
At = −e1r
2
0 sinhα1 coshα1
r2 + r21
+ ekr
2
0 sinhαn coshαn
r2 + r2n
. (29)
Here the derivatives about A and B , and the components Γ αβμ Σαβ
are all of order O(h¯), so have been neglected to the lowest order
in WKB approximation. Although the action of Dirac particle with
the spin up satisﬁes Eqs. (25), (26), (27) and (28), from the above
equations it is still diﬃcult to derive the action. So it is necessary
to carry on a variable separation to the action. Considering the
symmetry of the non-extremal 5-dimensional D1–D5 black hole,
we introduce the following ansatz for the action of Dirac particle
with the spin up
I↑ = −Et +J (θ,ϕ,ψ) +W(r), (30)
where E is the energy of the emitted particle. Inserting the
ansatz (30) into Eqs. (25), (26), (27) and (28), and expanding the
resulting equations near the event horizon of the non-extremal
D1–D5 black hole yields
B
(
λ1/3(r0)√
h,r(r0)(r − r0)
(−E +At(r0))
+ λ−1/6(r0)
√
h,r(r0)(r − r0) ∂rW(r)
)
− A(m + λ−1/6(r0)(r0 cos θ)−1∂ψJ )= 0, (31)
B
(
λ−1/6(r0)r−10 ∂θJ + iλ−1/6(r0)(r0 sin θ)−1∂ϕJ
)= 0, (32)
A
(
λ1/3(r0)√
h,r(r0)(r − r0)
(−E +At(r0))
− λ−1/6(r0)
√
h,r(r0)(r − r0) ∂rW(r)
)
+ B(m − λ−1/6(r0)(r0 cos θ)−1∂ψJ )= 0, (33)
A
(
λ−1/6(r0)r−10 ∂θJ + iλ−1/6(r0)(r0 sin θ)−1∂ϕJ
)= 0. (34)
Here h,r represents a derivative with respect to r. From Eqs. (32)
and (34), we will ﬁnd J is a complex function, at the horizon
it yields a contribution to the imaginary part of the action. But
further studying indicates that its contributions for the outgoing
and ingoing solutions share the same. When the overall tunnelling
rate is deﬁned by dividing the outgoing probability by the ingoing
probability, its contributions to the overall tunnelling rate will be
canceled out. So it is no need to do a careful computation on the
complex function J . Now our attention should be focus on the
radial function W . And from Eqs. (31) and (33), one can easily see
the two equations have a non-trivial solution for A and B if and
only if the determinant of the coeﬃcient matrix vanishes, which
results in an equation about W(r). Then integrating the resulting
equation at the event horizon yields
W± = ±iπ r0 coshα1 coshα5 coshαn
2
(E + e1 tanhα1 − eK tanhαn),
(35)
where the +/− sign corresponds to the outgoing/incoming solu-
tions, and in Eq. (35) we have considered Eq. (29) at the eventhorizon. Obviously, the imaginary part of the action is composed
of the complex function J at the horizon and the complex con-
stant W± . According to the WKB approximation, the overall tun-
nelling rate is given by
Γ = Pout
P in
= exp[−2(ImW+ + ImJ )]
exp[−2(ImW− + ImJ )]
= exp[−2πr0 coshα1 coshα5 coshαn
× (E + e1 tanhα1 − eK tanhαn)
]
. (36)
Here we can easily see Hawking temperature of the non-extremal
D1–D5 black hole derived by using fermions tunnelling method is
T = 1
2πr0 coshα1 coshα5 coshαn
. (37)
This result is exactly equal to that in Refs. [29,31]. In [29,31]
Hawking temperature of the non-extremal D1–D5 black hole has
been derived by using anomalous cancellation method, but when
reducing the higher-dimensional theory to the two-dimensional ef-
fective theory they only considered scalar ﬁeld cases. That means
Hawking radiation is determined universally by the horizon prop-
erties, and Dirac and scalar particles emit across the horizon at the
same Hawking temperature. As in Section 2, in this section we still
consider the ﬁxed spacetime background when particles emitted.
So fermions tunnelling method successfully recover Hawking tem-
perature of the non-extremal 5-dimensional D1–D5 black hole, its
robustness has been proved again.
4. Conclusions and discussions
Hawking radiation of the non-extremal 5-dimensional D1–D5
black hole has been discussed in [29,31] by using anomalous can-
cellation method. But upon a dimensional reduction technique
near the horizon, they only consider scalar ﬁeld case. So the Hawk-
ing temperatures in [29,31] are only for scalar particles emitted
across the horizon. Hawking radiation is determined universally by
the horizon properties, so Dirac and scalar particles should emit
across the horizon at the same Hawking temperature. In this let-
ter, we ﬁrst introduce a set of appropriate matrices γ μ for the
GHS and non-extremal D1–D5 black hole in the string theory, then
study Hawking radiation of Dirac particles across the horizons of
the two black holes by using fermions tunnelling method. Finally,
the expected Hawking temperatures are correctly recovered.
Fermions tunnelling method have already succeeded in recov-
ering the Hawking temperatures of stationary black holes [20,21,
23–26]. For non-stationary black holes, Wu and Cai developed the
general tortoise coordinate transformation (GTCT) method to deal
with Hawking radiation of Dirac particles, and found a new cou-
pling effect between the spin of the ﬁeld and the angular mo-
mentum of the black hole [34]. In [22], fermions tunnelling from
Bardeen–Vaidya and cosmological black holes have been studied,
but no coupling effect between the spin of the ﬁeld and the an-
gular momentum of the black hole is present. That is because
the involved non-stationary black holes are of spherical symmetry,
and there is no angular momentum. So our next job is to expect
fermions tunnelling will recover the new coupling effect for the
non-stationary axisymmetric black holes. On the other hand, when
particles emitted from the horizon we do not consider the ﬂuc-
tuation of the spacetime geometry. That will result in a purely
thermal spectrum. In fact, the factual tunnelling picture is that
when the positive energy particle created by just inside the hori-
zon as a result of quantum vacuum ﬂuctuations near the horizon
tunnels out to the inﬁnity to form Hawking radiation, the negative
energy partner remains behind and effectively lowers the mass of
the black hole. That means when studying Hawking radiation of
a black hole, we should consider the ﬂuctuation of the spacetime
Q.-Q. Jiang / Physics Letters B 666 (2008) 517–521 521geometry—namely, the energy conservation. In such case, the emit-
ted spectrum is no longer purely thermal, and contains the higher
terms about the energy E .
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